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A physically consistent discrete statistical theory for charge and temperature fluctuations is de-
veloped which is capable of determining the mean and statistical properties of particle charge and
temperature distributions. The statistical parameters obtained using this model are in very good
agreement with Monte-Carlo simulations. Results show that the correlation between charge and
temperature fluctuations significantly affect the thermal balance for nm-sized particles. We also
showed that temperature distribution of nm-sized particles have a significantly populated tail to-
wards high temperatures which may have important consequences on the structure of the particle.
Non-thermal plasma sources have been demonstrated
to be promising to produce a wide range of high qual-
ity nanoparticles (NPs) [1–3] such as nanodiamonds[4],
carbon NPs [5], silicon crystals[6] and others. However,
there is still lack of significant knowledge of the process of
NP formation and dynamics in the plasma which is criti-
cal to produce NPs of desired size, crystallinity and qual-
ity. Nevertheless it is understood that intense heating of
NPs due to electron/ion collection has an important role
to determine the crystalline nature of NPs formed in the
plasma [7, 8].
Several independent studies have pointed out that the
particle temperatures can be significantly higher than the
gas temperatures in non-equlibrium discharges [9–11].
The experiments of Arnas and Mouberi [10] on sputter-
ing discharges, produced two distinct structures namely
graphite like structures for particles of few nanometer
size and amorphous carbon structures for larger parti-
cles. The structure of the NPs strongly depends on the
heating of the particles. Small size particles experience
intense heating to very high temperatures favoring phase
transformations, where as large particles are very much
in equilibrium with the gas. Mangolini and Kortshagen
[7] showed using Monte-Carlo simulations that the par-
ticle temperatures can significantly fluctuate. The in-
stantaneous temperatures of NPs can be higher than gas
temperature by several hundreds of kelvins. They repre-
sented the statistics of temperature fluctuations in terms
of temperature distribution functions and discussed the
effects of plasma conditions and particle size on the par-
ticle temperature distribution function. It is generally
found that particles of few nanometers (d < 10 nm) had
a very wide distribution while larger particles displayed
very narrow temperature distribution.
The knowledge of a detailed energy balance of NPs
in a dusty plasma is highly desirable in order to moni-
tor the equilibrium particle temperature in the process
and thereby gain finer control over the structure of the
NPs produced. There is however a lack of theory that
makes it possible to have a quick estimate of peak and
average temperature values. In the present letter, we de-
scribe a theory of heating of an isolated nanoparticle in
a dusty non-thermal plasma that take into account the
correlation between stochastic charge and temperature
fluctuations of the particle.
We start with the transient energy balance of the par-
ticle that can be written as
dTp
dt
= (H − L) Sp
mpCp︸ ︷︷ ︸
α
(1)
where mp, Sp, Cp and Tp are the mass, surface area ,
thermal heat capacity and temperature of the particle,
H and L are the heating and cooling flux experienced
by the particle. For a spherical particle of radius rp
and density ρp, α =
3
ρpCprp
. As the particles are very
small, the temperature of the particle can be assumed
to be lumped i.e. spatially homogeneous. The nanopar-
ticles in the plasma experience heating mainly due to
bombardment of electron and ions as well as recombina-
tion of ions on the surface of the particle. In addition
to this, depending on the plasma environment, particles
can undergo complex surface reactions and phase transi-
tion processes with consequences on thermal balance. In
the present letter, for the sake of simplicity, we restrict
to dusty plasma with noble gases such as argon. So, the
heating fluxes are essentially due to the collision of the
particles with ions and electrons which may be expressed
as:
Hq = 2kbTeje,q︸ ︷︷ ︸
Je,q
+ (Eion + e|φ|) ji,q︸ ︷︷ ︸
Ji,q
(2)
where q is the instantaneous charge of the particle, je,q
and ji,q are the electron and ion flux to the particle sur-
face, Te is the electron temperature and , Eion and φ are
the ion recombination energy and electric potential of
the particle. 2kbTe is the average energy flux of electrons
that arrive at the surface of particle when the electrons
follow a Maxwellian distribution at electron temperature
Te [9]. We assume OML theory to be valid for the cal-
culation of electron and ion flux. As the particles in a
2dusty plasma undergo charge fluctuations [12, 13] due to
collisions with electrons and ions, the heating flux is a
stochastic term and a time averaged heating flux H has
to be used to determine the average temperature Tp.
On the other hand, the main mode of cooling is
through collision of particles with gas molecules (con-
duction). Radiation flux is generally small for the par-
ticle sizes encountered in plasma processing and can be
neglected. The conduction losses to the background gas
can be evaluated using Knudsen’s model which takes into
account the energy lost due to collisions between particles
and neutral gas. This can be written as
L =
3
8
ng
√
8kbTg
pimg
kb(Tp − Tg) = hcθp (3)
where ng, mg are the number density and mass of neu-
tral gas species respectively and hc is the heat transfer
coefficient for the conduction process and θp = Tp − Tg.
For stationary conditions, the average particle temper-
ature θp is
H
hc
. As a common practice, H is approxi-
mated by Hqref where qref is determined such that ion
and electron currents to the particle are balanced i.e.
je,qref = ji,qref [9–11]. In fact, assuming continous sta-
tistical discription of charging, Matsoukas and Russel [13]
showed that the charge distribution of the particle is well
represented by a Gaussian profile with a mean value equal
to qref .
However, the validity of this assertion can only be
tested by performing a monte carlo simulation of parti-
cle charging and heating which have been performed for
the experimental conditions of Arnas and Mouberi [10].
The simulation procedure is similar to that described by
Mangolini and Kortshagen [7] and can capture the sta-
tistical and transient history of charge and temperature
of the particle. The frequency of electron/ion collisions is
much smaller compared to collisions with neutral gas and
hence electron/ion collisions are considered to be discrete
and stochastic while gas cooling is considered as contin-
uous process. Figure 1(a) shows the transient thermal
history, (b) the temperature distribution function and
(c) the charge distribution for carbon particles of differ-
ent sizes in an Argon plasma at a pressure of 60 Pa and
electron and ion concentrations Ne = Ni = 10
17 m−3,
Tg = 373 K and Te = 1.0 eV . It clearly appears that
small particles show much larger temperature fluctua-
tions and larger distributions compared to the larger
particles. This is because they posses lower thermal
mass. Indeed these temperature fluctuations can be crit-
ical in determining the phase of the nanoparticles. Also,
the small particles have narrow charge distributions (2-3
charge bins) compared to the large particles which means
that the discrete nature of charge distribution signifi-
cantly outweigh the Gaussian distribution approximation
for charge of small particles. The average charge and
temperatures based on classical averaging and monte-
carlo simulations are given in Table I. It is seen that
the time averaged temperatures based on qref , θp(qref )
FIG. 1: (a) Transient time fluctuation, (b) temperature
distribution and (c) charge distribution obtained using
MC simulations for different sizes of carbon particle in
an Argon plasma (experimental conditions of Arnas and
Mouberi [10]) at p = 60 pa and Ne = Ni = 10
17 m−3, ,
Tg = 373 K and Te = 1.0 eV .
3TABLE I: The comparison between classical and
Monte-carlo average charge, and time averaged
temperature θp(qref ) and average temperature from MC
simulations θpMC , and the ratio of heat flux
Hqref
HMC
where HMC is the time averaged heating flux from MC
calculations. Also indicated is the standard deviation of
MC average temperature obtained over 10 samples.
Rp Te qref q¯MC
θp (K) Hq
HMCnm (eV) qref MC
1 nm
0.75 -1.5 -1.8 622 797 ±3 0.80
1 -2 -2.2 843 1027 ±2 0.84
2 -3.6 -3.8 1847 2093 ±3 0.90
3 -5 -5.3 3023 3297 ±4 0.93
4 nm
0.75 -6.1 -6.4 663 661 ±1 0.95
1 -7.8 -8.1 842 886 ±2 0.96
2 -14.2 -14.5 1838 1900 ±2 0.97
3 -20.1 -20.4 2954 3016 ±3 0.98
are substantially lower than MC based averaged temper-
atures θpMC for small particles. The difference could be
as high as 120 K for particle with rp = 1 nm and be-
comes negligible for large particles at Te = 1eV . The
error in particle temperature is due to the underestima-
tion of the average heating flux by up to 20% as seen
in the table I. Simulations have also been performed to
check the effects of radiative cooling on particle temper-
ature. It is seen for most conditions, radiative cooling
is insignificant with maximum change in temperature of
100 K. Also, some conditions exhibit very high parti-
cle temperatures of 3000 K which can lead to thermionic
emission of electrons. However, for the plasma condi-
tions, it is found that thermionic current are far lower
than that of ion-electron currents and hence thermionic
emission need not be considered for these conditions.
On closer inspection, one can write the temporal equa-
tion for the error in particle temperature ∆θp = θpMC −
θp(qref ), as
d∆θp
dt
= α{H −Hqref − hc∆θp} (4)
where H is the time averaged heating flux. Although
the charging process is discrete in nature, for the sake
of understanding the interaction between charging and
thermal balance, analysis of equation 4 is first conducted
assuming the charge to be continuous and for stationary
conditions. Thus neglecting the higher order terms, ∆θp
can be approximated as
∆θp ≈ 1
hc
d2Hqref
dq2
σ2q (5)
where σq is the standard deviation of the particle charge
distribution. Using OML theory for charging and the ex-
pressions for σq provided by Matsoukas and Russel [13]
for Gaussian charge distributions, it can be be shown that
∆θp is proportional to 1/r
2
p and Te. This is consistent
with Figure 2 where the variation of ∆θp as a function of
Te and rp as estimated using equation 5 is shown. This
shows that ∆θp is small and Hqref is a good approxima-
tion of H for a large particle. On the opposite, ∆θp is
significant for small particles thus indicating strong cor-
relations between charge and temperature fluctuations.
As a result H cannot be approximated with Hqref in this
case.
FIG. 2: Contour plot showing the variation of ∆θp
calculated using equation 5 as a function of Te and rp
for the same conditions as Figure 1
Indeed, it is desirable to go beyond the continuous sta-
tistical description for charge fluctuations and develop a
general theory taking into account the discrete nature of
the charging and the correlation between charge and ther-
mal fluctuations. The basic equations for charge and par-
ticle temperature can be derived from first principles us-
ing the stochastic equations for charge and temperature
distribution functions fq,θp where
∑
q
[∫
θp
fq,θpdθp
]
= 1.
The main assumption here is that there is no temporal
change in the particle size distribution. Due to the na-
ture of the thermal transfer with background cold gas,
the governing equations for particle temperature are ex-
pressed in terms of θp. The population balance equation
for charge q and temperature θp is
∂fq,θp
∂t
= je,q+1fq+1,θ′pSp + ji,q−1fq−1,θ′′p Sp −
(je,q + ji,q)fq,θpSp +
∂
∂θp
(
αhcfq,θpθp
)
(6)
The first four terms correspond to the ion-electron col-
lection where the first two indicates the gain term from
neighboring charge states and the next two indicates the
loss terms. The last term of the equation refers to the
cooling. It has to be noted that the particles entering
from neighboring charge states see an instantaneous in-
crease in temperature due to ion or electron collisions.
In other words, θ′p = θp −∆θe and θ′′p = θp −∆θi where
4∆θe =
2kbTe
mpCp
and ∆θi =
1
mpCp
(Eion + e|φ|).
The zeroth moment of fq,θp gives the charge distribu-
tion at q, ψq =
∫
fq,θpdθp and taking the zeroth moment
of the population equation leads to the master equation
of charge which is
1
Sp
dψq
dt
= je,q+1ψq+1 + ji,q−1ψq−1 − (je,q + ji,q)ψq(7)
As it is assumed that the temperature has no effect on
the charging of the particle, the cooling term does not
affect the charge transfer. As the particle charging is a
Poisson process, the stationary charge distribution can be
obtained by applying the recursive relation between two
consecutive charge states ji,qψq = je,q+1ψq+1 combined
with
∑
q ψq = 1. We showed that the charge distribution
thus obtained is same as the time averaged distribution
calculated using monte-carlo simulations depicted in Fig.
1.
Similarly, the first moment of the population equation
would lead to the average temperature of a given charge
state q, ψqθp,q =
∫
θpfq,θpdθp which is
1
α
dψqθp,q
dt
= je,q+1ψq+1(∆θe,q+1 + θp,q+1)
+(ji,q−1ψq−1(∆θi,q−1 + θp,q−1)
−(je,q + ji,q + hc)ψqθp,q (8)
One can identify 3 groups of source terms in Equation 8
namely the heat flux due to the attachment of electron
and ion from the neighboring charge states and heat loss
due to electron, ion attachment and cooling of the charge
state q. The equation assumes a tridiagonal form in q and
θp,q can be determined by choosing a sufficiently wide
band covering all possible charge states. Subsequently,
the total average particle temperature would be θp =∑
q ψqθp,q. Also, the total energy equation is the sum of
all individual state equations (Eqn. 8) which becomes
1
α
dθp
dt
=
∑
q
ψq {Je,q + Ji,q}︸ ︷︷ ︸
Hq
−hc
∑
q
ψqθp,q (9)
It is to be noted that the exchange terms of sensible heat
between different charge states in Equation 8 gets can-
celed out in the energy equation. The resulting equation
is also physically consistent as the total heat flux to the
particle is the sum of all heat flux at different charge
states, H =
∑
qHqψq. Thus one can finally obtain the
expression for stationary particle temperature that takes
into account charge correlation effects as
θp =
∑
q
ψqθp,q =
∑
qHqψq
hc
=
H
hc
(10)
In table II, we report the values of θp obtained from Eqn.
10 and MC simulations for the earlier stated discharge
conditions. It is seen that the two temperatures are in
TABLE II: The time-averaged temperature obtained
using eqn. 10 and MC for the conditions specified in
Figure 1 as a function of Te and particle radius. Also
reported are the relative difference between theoretical
estimation and MC statistical quantities namely
standard deviation σθp , skew γθp and kurtosis νθp
rp Te θp Relative difference
nm eV MC Eqn 10 σθp γθp νθp
1 nm
0.75 796 772 -0.014 0.02 0.008
1.00 1031 1002 -0.011 0.023 0.006
2.00 2093 2046 -0.013 0.003 -0.004
3.00 3297 3254 -0.012 0.03 0.007
4 nm
0.75 663 657 0.002 0.041 0.008
1.00 886 880 -0.001 0.013 0.004
2.00 1900 1885 0.003 -0.005 0.013
3.00 3016 3005 0.002 -0.03 0.004
excellent agreement within 2% relative differences. The
developed theory provides therefore an accurate repre-
sentation of energy balance of nm-sized particles.
The nature of the population equations enables recur-
sive determination of moment equations of any order n,
ψqθnp,q =
∫
θnp fq,θpdθp. In general, the n
th moment of the
population equation is of the form
1
α
dψqθnp,q
dt
= je,q+1ψq+1θnp,q+1 + ji,q−1ψq−1θ
n
p,q−1
−{je,q + ji,q + nhc}ψqθnp,q
+je,q+1ψq+1
n−1∑
j=0
nCj∆θ
n−j
e,q+1θ
j
p,q+1
+ji,q−1ψq−1
n∑
j=1
nCj∆θ
n−j
i,q−1θ
j
p,q−1 (11)
The nature of the above equation assumes a tridiagonal
form in q and can be resolved in the same way as that for
θp,q. Again, the total average moments of temperature
is determined as θnp =
∑
q ψqθ
n
p,q. For stationary condi-
tions, the total average nth moment assumes the form
θnp =
∑
q
∑n−1
j=0
nCjψqθ
j
p,q
(
je,q∆θ
n−j
e,q + ji,q∆θ
n−j
i,q
)
nhc
(12)
Further, calculation of higher order moments makes it
possible to determine the statistical parameters such as
standard deviation σθp , skewness γθp and kurtosis νθp ,
from which one can construct the temperature distribu-
tion function [14, 15]. As reported in table II, the rel-
ative differences between the statistical parameters cal-
culated using the theory and monte-carlo simulations re-
mains below 5%. Figure 3 shows complementary cumula-
tive distribution functions obtained using Box-Cox power
exponential distribution fit [15] from the statistical pa-
rameters of Table II. Also depicted are cumulative dis-
tribution functions obtained from MC simulations. The
5FIG. 3: Complementary cumulative temperature
distribution function for particles at Te = 1 eV from MC
simulations and Box-Cox power exponential fit (BCPE).
comparison between the theoretical and simulated profile
is satisfactory, which shows that the developed theory is
capable of predicting the temperature distribution over
wide range of particle sizes.
The development is useful to determine the fraction of
particles above phase transition temperatures and this
can be interesting for crystalline nanoparticle synthe-
sis. For example, the particle size of rp = 1 nm has
about 50% of the particle having more than 1000 K and
10% above 2000 K while only 10% of particles of size
rp = 4 nm are more than 1000 K at any given instant of
time. Moreover, smaller particles are found to have lower
phase transition temperatures[16]. This further validates
the assertion that small particles can achieve crystalliza-
tion more easily than larger particles in cold plasmas. In
the present development, we assumed the particle size
is stationary. However, in practical dusty plasma pro-
cesses, the particles are continuously evolving through
aerosol dynamics process. The nm-sized particles can be
quickly consumed through molecular growth and inter-
particle coagulation. Therefore, the overheating effect
predicted by the model is effective only when the lifes-
pan of the smallest particle before they undergo growth
is much greater than the ion-electron collection charac-
teristic time. For the processing plasma condition con-
sidered in this study, the lifespan of the particle in the 1-3
nm size is in the minute timescale [17], which translates
to several charging cycles. This means that the over-
heating predicted by the model discussed here is likely
to take place resulting in high-crystallinity for nm-sized
particles. This is in full agreement with the observation
made by Arnas and Mouberi [10]. The present model can
be further extended to include radiative cooling for high
particle temperatures and charging mechanisms such as
thermoionic emission.
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